Direction-of-arrival (DOA) estimation is a key area of sensor array processing which is encountered in many important engineering applications. Although various studies have focused on the uniform hexagonal array for direction finding, there is a scanty use of the uniform hexagonal array in conjunction with Cramér-Rao bound for direction finding estimation. The advantage of Cramér-Rao bound based on the uniform hexagonal array: overcome the problem of unwanted radiation in undesired directions. In this paper, the direction-of-arrival estimation of Cramér-Rao bound based on the uniform hexagonal array was studied. The proposed approach concentrated on deriving the array manifold vector for the uniform hexagonal array and Cramér-Rao bound of the uniform hexagonal array. The Cramér-Rao bound based on the uniform hexagonal array was compared with Cramér-Rao bound based on the uniform circular array. The conclusions are as follows. The Cramér-Rao bound of uniform hexagonal array decreases with an increase in the *Corresponding author: E-mail: gracendiritu60@gmail.com; Ndiritu et al.; JAMCS, 32(6): 1-14, 2019; Article no.JAMCS.48163 number of sensors. The comparison between the uniform hexagonal array and uniform circular array shows that the Cramér-Rao bound of the uniform hexagonal array was slightly higher as compared to the Cramér-Rao bound of the uniform circular array. The analytical results are supported by graphical representation.
Introduction
Array signal processing (ASP) is a new algorithm in Digital Signal Processing with many applications. ASP is a fast-growing area in electrical engineering. The area involves analyzing data received on the array of sensors [1] . It is a wide area of research that extends from the simplest one-dimensional to the complex form multi-dimensional. Determining the position of the object or DOA of a signal is one of the expounded estimation tasks.
Direction-of-arrival (DOA) estimation refers to an angle at which a signal impinges on the array of sensors. In the last few decades, accurate determination of DOA from a signal source has received a considerable amount of interest in various fields such as wireless communication, radar, sonar, [2] and military [3] . Military use direction of arrival estimation for anti-jamming and in mobile communication DOA estimation is used to obtain the direction of signal spatial filtering [4] .
The idea behind using a sensor array over a single sensor is to improve the accuracy of direction finding. Plane waves are often measured using an array of sensors. A sensor array is composed of elements set out in a particular arrangement. Each sensor converts an electromagnetic wave into a high-potential [5] . Digital sensors arrays have several merits over traditional arrays including enlarged coverage, expanded system capacity, and resistance to two waves superpose to form a resultant wave. They also have the ability to ascertain an incoming signal of direction finding [6] . The hexagonal array is widely used in practice but has obtained less attention in the field of array signal processing [7] . Uniform hexagonal array occurs if the sensors are placed on a single hexagon with uniform spacing. The hexagon is presented in this study since it overcomes the problem of high side-lobes [8] .
Various geometries have been proposed and used to solve the problem of direction-of-arrival estimation. They include uniform circular array (UCA), uniform linear array (ULA) [9] , uniform rectangular array (URA) [10] , among others. Uniform hexagonal arrays (UHA) and uniform circular array (UCA) geometries are compared using particle swarm optimization technique. The arrays consist of 18 elements which are uniformly arranged with a radius of r =
2π
λ. UHA geometries accord moderately deeper nulls, greater gain, and a lesser overall size, as compared to UCA geometries [11] . Hexagonal arrays have been used for direction finding using a Unitary ESPRIT technique. The technique is expanded to 2-dimension direction finding with the uniform rectangular array. Unitary ESPRIT gives a computationally systematic direction finding technique for hexagonal arrays [7] .
A precision direction finding of a plane wave from a far-field source to receiving sensors can improve wireless communication system capacity [12] . The minimum variance of any unbiased estimator is referred to as the Cramér-Rao bound (CRB). Determining the Cramér-Rao bound is extremely useful since it provides a benchmark for comparing the achievement of any unbiased estimator and helps to eliminate impossible estimators [2] . CRB is used as a standard measure in the assessment of the accuracy of an estimator since its estimate can be evaluated for various practice settings and it is an important tool for practical design [13] . CRB can be used to forecast how a specific plan choice impacts the photometric and astrometric achievement of the designed instrument [14] . Cramér-Rao bound is used to describe the achievement of direction finding in antennas arrays. Recently, CRB equations for uniform circular arrays with directive antennas were derived [6] . However, this study did not investigate the CRB of the uniform hexagonal array with isotropic sensors.
Various methods have been used to solve the DOA estimation problem in different dimensions. They include Maximum likelihood [10] , Multiple Signal Classification (MUSIC), Estimation of Signal Parameters via Rotational Invariance Techniques (ESPRIT) [15] , among others. MUSIC and ESPRIT are Eigen-decomposition algorithms, that determines the DOA estimation by decomposing the covariance matrix to get eigenvectors and eigenvalues [16] . Maximum Likelihood method maximizes the log-likelihood function in order to determine the direction of arrival [17] . Maximum likelihood estimation is too compound to be executed in 2-dimension estimation problems [7] .
UCA is able to provide 360 degrees of coverage in the azimuth plane [18] . ULA has perfect orientation and forms a small main-lobe in a certain direction [19] . However, the geometries mentioned above have not solved the problem of high-side lobes [8] . To the best of author's knowledge, there is scanty use of the uniform hexagonal array for the direction of arrival estimation using the CRB. In addition, this paper provides a clear derivation of CRB for direction finding using the uniform hexagonal array and compares the CRB of the uniform hexagonal array with that of the uniform circular array.
The paper is organized as follows: In section 2, the array manifold vector for uniform hexagonal array and the uniform circular array is presented. In Section 3, the description of a detailed CRB implementation is given. The main steps of its derivation are outlined. Results and discussion are presented in Section 4. Graphical representation is presented in section 5. In Section 6 normalized sensitivity analysis is presented. Finally, the conclusion is highlighted in Section 7.
Array Manifold Vector for Uniform Hexagonal Array
and Uniform Circular Array
Uniform Circular Array
A circle of radius R centered at the Cartesian origin and lying on the xy-plane is considered. M number of isotropic sensors are uniformly distributed on the circumference of the circle, with equal inter-sensor spacing as shown in Figure 2 .1. In Figure 2 .1, the central point of the array is at the origin of a Cartesian coordinate system. The sensor located at the positive x-axis is denoted as S1 while the remaining sensors are uniformly arranged counterclockwise on the circumference of the circle. A complex-valued incident signal from a far-field source impinge on the sensors at an azimuth angle of ϕ, measured counterclockwise from the positive x-axis and a polar angle θ, measured clockwise from the positive z-axis. The location of the m th sensor for m = 1, 2, · · · , M is given by
The time delay is given by [20] 
Fig. 1. A Sketch of Uniform Circular Array
In the above, c is the velocity of light and p m is the location of the m th sensor. Using (2.1) in (2.2), the array manifold vector for uniform circular array is [20] 
Uniform Hexagonal Array
A hexagon of edge length R centered at the Cartesian origin and lying on the xy-plane is considered. M number of isotropic sensors are uniformly distributed on the circumference of the hexagon, with equal inter-sensor spacing. See Figure 2 .2. A complex-valued incident signal from a far-field source impinge on an array of sensors at an azimuth angle ϕ, measured counterclockwise from the positive x-axis and a polar angle θ, measured clockwise from the positive z-axis. The general distance from the center of an equilateral triangle to any sensor is given by
where n is even number of sensors in an equilateral triangle, M = 6, 18, 30
The location of the m th sensor is given by
Fig. 2. A Sketch of Uniform Hexagonal Array
Using (2.5) in (2.2), the array manifold vector for the UHA is
Derivation Of The Cramér-Rao Bound
The signal collected by all the sensors at time t can be expressed as
where a(θ, ϕ) is the array manifold vector, y(t) is the observed data vector, n(t) is the noise and it is assumed to be zero-mean additive white Gaussian and s(t) is the signal. If there exists T number of discrete-time samples, the observed data vector is represented as [21] 
Direction of arrival estimation aims to estimate the polar arrival angle θ and the azimuth angle ϕ, based on the observationsỹ.
We need to determine the Fisher information matrix (FIM) whose (t, r)-th entry is [22] ,
where ξj is the j-th entry of ξ = [θ, ϕ].
In (3.3), Re{·} and Tr{·} denote the real part and the trace of the identity inside the curly brackets respectively, the superscript H denotes conjugate transposition. For the this given statistical data model,
where E[ỹ] represents the statistical expectation ofỹ, M denotes the number of sensors, and IT M ×T M symbolizes an identity matrix of size T M . Γ is independent of θ and ϕ, as shown in (3.4), thus the second term of (3.3) is equal to zero.
Cramér-Rao Bound for the Uniform Circular Array
Differentiating µ partially with respect to θ we obtain ∂µ ∂θ (3.5)
Differentiating µ partially with respect to ϕ we obtain ∂µ ∂ϕ (3.6)
where ⊙ denotes the Hadamard product and ⊗ denotes the Kronecker product.
Substituting equation (3.5) into equation (3.3), we have
Substituting equation (3.6) into equation (3.3), we have
Substituting equations (3.6) and (3.5) into (3.3), we have
The inverse of Fisher information matrix gives the Cramér-rao bound of θ and ϕ [22] :
where * are terms not of interest.
From (3.10):
where T is the total number of time signals and M is the total number of the sensors.
Cramér-Rao Bound for the Uniform Hexagonal Array
Differentiating µ partially with respect to θ we obtain ∂µ ∂θ (3.13)
Differentiating µ partially with respect to ϕ we obtain ∂µ ∂ϕ (3.14)
Substituting equation (3.13) into (3.3), we have
Substituting equation (3.14) into (3.3), we have
Substituting equation (3.13) and equation (3.14) into (3.3), we have
Using equation (3.15) in (3.10) Cramér-rao bound of θ is found to be:
Using equation (3.16) in (3.10) Cramér-rao bound of ϕ is found to be:
Results Analysis and Discussion
From (3.17)-(3.18) and (3.11)-(3.12) the ratio of Cramér-rao bound of uniform hexagonal array to that of uniform circular array is;
where CRBUHA and CRBUCA denote the CRBs for the UHA and UCA, respectively.
We consider all possible scenarios of equation (4.1) as analyzed in the following cases.
When the ratio
is greater than one we have
Case 1:
When the above conditions hold, the CRBUHA are higher as compared to CRBUCA, implying that UCA has better performance as compared to UHA.
Consider condition n = 6; k = 1, 2; M = 30:
and
is less than one we have
Case 2:
, we have that
This case is not a possible scenario since the general distance derived in equation (2.4) holds for k not exceeding n 2
. Thus it is established that under no circumstance will CRBUHA be lower than CRBUCA. When the ratio
is equal to one we have Consider condition n = 2; k = 1; M = 6:
Case 3:
In the above, n = 2, 4, 6, · · · , N denotes the total number of the sensors on one of the equilateral triangle of the uniform hexagonal array and M is the total number of the sensors. Figure 5 to 5 present numerical simulation of the ratio developed in Section4. Figure 5 shows that increase in n and k, results into increased ratio
Graphical Representation
. Figure 5 indicates that when k < n 2 increases, it results to an decrease in the ratio, implying that uniform circular array performs better than uniform hexagonal array. When k = n 2
, the ratio is equal to one but at point 20, 30, 40 there are some depression this is as a result of bifurcation as n crosses some values. The values of the ratio at those points still equals one as shown in Figure 5 , thus the geometries have the same performance. Finally, the case when k > n 2
is not a possible scenario since the ratio is converging to zero, as indicated in Figure 5 . Mathematica software was used to perform the following simulations. 
Normalized Sensitivity Analysis
Sensitive analysis is an algorithm that is used to determine how self-reliant variable values will influence a particular reliant variable under certain presumption. It helps to examine how sensitive the output is, by the changes in one input while holding the other input constant. Let
The normalized sensitivity analysis of a parameter ω in f (ω) is given by S = ∂f ∂ω ω f .
We can normalize about some point n and k:
2)
The normalized sensitivity of equation (6.2) shows that the ratio increases with increase in n since S 1 n is always positive for n ≥ 2 and k ≥ 1, while equation (6.3) shows that the ratio decreases with increase in k since S 1 k is always negative for n ≥ 2 and k ≥ 1.
Conclusion
This paper appears to be first in the open literature to investigate Cramér-Rao bound of the direction-of-arrival estimation using UHA. The key findings are: The Cramér-Rao bound of the uniform hexagonal array decreases with an increase in the number of sensors, therefore, UHA can be used in direction-of-arrival estimation when the number of sensors increases. The comparison between hexagonal and circular arrays shows that hexagonal array geometry give slightly higher 
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